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Abstract
In previous works we suggested considering a (3 + 1)D quantum
gravitational field as an “evolution” of a (2 + 1)D renormalized quan-
tum gravitational field along the direction of the gravitational force.
The starting point of the suggestion is a derivation of a unique hyper-
surface which looks effectively like (2 + 1)D from the point of view of
Einstein equations in (3 + 1)D. In this paper, we derive such unique
hypersurfaces for different kinds of stationary spherical metrics. We
find that these hypersurfaces exist whenever all the components of the
gravitational force field vanish on the hypersurface. We discuss the
implication of this result and the necessary further work.
1 Introduction
The attempt to quantize the gravitational theory by means of Hamiltonian
and ADM formalism leads to a non renormalizable theory and to the problem
of time. Rather than giving up the powerful Hamiltonian formalism when
general relativity theories are concerned, we suggested [1] to use this formal-
ism differently. We suggested to consider the symmetry breaking caused by
a gravitational force field, and to use the force field direction as an inde-
pendent parameter through which states evolve. This mean that instead of
∗meravha@openu.ac.il
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singling out the direction of a time vector field in the Hamiltonian formalism,
we single out the direction of the gravitational force.
Though this suggestion is supported by several works [2, 3, 4, 5, 6, 7],
which will be reviewed in the next section, its effect on causality is unclear.
To see this note that the direction of the foliation, which is along the grav-
itational force field gives non-causal brackets since the foliation is actually
space-like directed and not time-like directed. Recently we proved [8] that
under some conditions, one can develop a causal quantum theory using space-
like directed foliation and it turns out that these conditions are useful from
the quantum gravity point of view. However, these conditions are useful only
if one can find, for a given metric background, a kind of unique holographic
hypersurface which looks effectively as a (2 + 1)D from the point of view of
Einstein equations in (3 + 1)D.
The purpose of this paper is to find specific examples for such a unique
hypersurface in stationary spherically symmetric metrics. To begin with we
obtain the gravitational force field direction by considering the acceleration
vector field of stationary observers in different kinds of spherically symmetric
metrics. Next, by using the ADM formalism, we foliate spacetime along
this direction and find the conditions needed for hypersurfaces to appear
effectively as (2 + 1)D from the point of view of the Einstein equations. We
found that these conditions are fulfilled whenever all the components of the
acceleration vector field vanish on the hypersurface.
Before discussing the implications of this result, let us first see why
this unique hypersurface is expected to be helpful for constructing a causal
(3+1)D quantum gravity theory, even though its construction involves "evo-
lution" along a spatial direction. As was shown in [8], Poisson brackets be-
come non-causal when foliating along a space like directed vector field. Thus
the only way to obtain the required causal classical field brackets for this
kind of foliation is by finding the fields’ commutation relations in some other
way. In [8] they were obtained from the given theory on the hypersurface
and taking them to their classical limit. Moreover, since the hypersurface
looks effectively a (2+1)D from the point of view of the Einstein equations, a
renormalized quantum gravity theory can indeed be constructed on it. This
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construction leads to a causal quantum gravitational theory in (3+1)D, even
though it "evolves" along a spatial direction.
Now we examine the advantages of this construction and the significance
of our result.
The advantage of constructing a gravitational theory using our unique
hyperspace is obvious. The unique hyperspace enables derivation of quan-
tum gravitational fields which are already renormalized on the hypersurface.
Whether the evolution of these specific fields "out from the hypersurface"
along the gravitational force direction preserves their property of "being
renormalizable" remains to be seen. But the fact that the structure is based
on a renormalized quantum gravity looks promising and may lead the way
to construction of a (3+1)D renormalized quantum theory.
Moreover, this contraction leads to a very interesting and important re-
sult. It relates the acceleration of stationary observers in a given coordi-
nate system to the non-renormalizabilty of the quantum gravitational the-
ory. To see this connection note that our findings suggest that when all the
components of the acceleration vector field vanish, construction of a renor-
malized gravitational theory is possible. In other words, this relates the
non-renormalizability property of the gravitational theory to the existence
of acceleration in a curved spacetime. This relationship is predicted in [2].
We expand on this subject in our conclusions.
The rest of the paper is organized as follows: Section 2 defines the grav-
itational foliation force and discuss its implications. In section 2.1 we define
and perform the gravitational foliation. In subsection 2.2 we discuss quan-
tum gravity properties supporting foliation along the gravitational force. In
subsection 2.3 we deal with the expected ambiguity regarding causality and
its solution in the context of the gravitational theory. In section 2.4 we derive
the conditions for hypersurfaces that appear effectively as (2+1)D from the
point of view of the Einstein equations. In Section 3 we find these hyper-
surfaces in different stationary spherical metrics. In section 3.1 we consider
the extremal black hole and show that its horizon fulfills all the necessary
conditions for the hypersurface to appear effectively as a (2 + 1)D from the
point of view of the Einstein equation. In section 3.2 we take a toy model
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and derive the condition in order for this hypersurface to exist. In section 3.3
we find the condition for this case for a general stationary spherical symmet-
ric metric, and show that it is fulfilled whenever all the components of the
acceleration vector field vanish on the hypersurface. In section 4 we discuss
the implications of our findings as well as possible future work. Section 5 is
a summary. Finally, in the appendix, we derive the Einstein equation when
singling out a space like vector field direction instead of time like vector field.
2 Quantum gravity and gravitational foliation
Obtaining a gravitational theory from microscopic objects or quantum fields
is an extremely important and challenging aim. Attempts to describe gravity
using microscopic objects, such as strings, loops or triangles, have not yet
led us to the desired Einstein equations. Attempts to treat the gravitational
metric as simply another quantum field are problematic. Use of the Hamil-
tonian formalism in order to quantize the gravitational theory leads to a non
renormalizable theory since it involves spin-2 massless fields and this kind of
theory is not renormalizable in more than 2 + 1 dimensions.
Instead of giving up the powerful Hamiltonian formalism where general
relativity theories are concerned, on the one hand, and in attempt to use
the renormalized gravitational theories on the 2+1 dimensions, on the other
hand, we suggested [1] a different use of the Hamiltonian formalism. In our
approach, we consider the symmetry breaking caused by the gravitational
force field for stationary observers in a given coordinate system and use the
direction of that field as the direction through which states “evolve.”
This approach is supported by several examples which relate the gravita-
tional foliation to different aspects of quantum gravity, on the one hand, but
is expected to be problematic since the direction of any force field is space-
like, and not time-like and thus leads to ambiguity regarding causality.
We begin by foliating along the gravitational force direction and use
this in order to rewrite the Einstein equation in the ADM formalism. We
then provide examples which relates this approach to different aspects in
quantum gravity. Next we deal with the causality issue and its possible
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solution. We conclude this section by deriving the necessary condition for
the hypersurface to appear effectively as (2 + 1)D from the point of view of
the Einstein equations.
2.1 Gravitational foliation
The first step is to define the gravitational force field direction. For a given
metric in a given coordinate system we calculate the gravitational force di-
rection for stationary observers. The 4-velocity vector field of the stationary
observer is ua = (
√
−g00, 0, 0, 0) and her 4-acceleration vector field is given
by aa = ui∇iua. Thus the direction of the gravitational force field is given
by na = aa/a where a is the magnitude of the acceleration a =
√
aiai. Note
that na is a space like vector field.
Next we use the standard foliation of spacetime with respect to some
spacelike hypersurfaces whose directions are na. The lapse function N and
shift vector Wa satisfy ra = Nna +Wa where r
a∇ar = 1 and r is constant
on Σr. The Σr hyper-surface metric hab is given by gab = hab + nanb. The
extrinsic curvature tensor of the hyper-surfaces is given by Kab = −12Lnhab
where Ln is the Lie derivative along na. Instead of the(3 + 1)D Einstein
equations
R
(4)
ab = 8pi
(
Tab − 1
2
Tgab
)
(1)
one finds (see appendix) a kind of (2 + 1)D Einstein equations :
R
(3)
ab −KKab+2KaiKib+N−1 (LrKab −DaDbN) = 8pi
(
Sab − 1
2
(S + P ) hab
)
,
(2)
and the two constraints:
R(3) −K2 +KabKab = −16piP, (3)
DaK −DbKba = 8piFa. (4)
where Da represent the 2+1 covariant derivatives, Sab = hachadT
cd , P =
5
ncndT
cd and Fa = −hacnbT cb. We will see that this foliation is relevant
for several different areas in physics which deal with the expected quantum
gravity properties.
2.2 Background supporting foliation along the gravitational
force
We now provide some examples from our own work as well as that of others,
showing that gravitational foliation can be useful for aspects of quantum
gravity. The first example involves the surface density of space time degrees
of freedom (DoF). These are expected to be observed by an accelerating ob-
server in curved spacetime. This DoF surface density was first derived by
Padmanabhan [9] for a static spacetime using thermodynamic considerations.
We found that this density can also be constructed from specific canonical
conjugate pairs as long as they are derived in a unique way [2]. These canon-
ical conjugate pairs must be obtained by foliating spacetime with respect to
the direction of the gravitational vector force field. Note that this aspect
reinforces the importance of singling out a very unique spatial direction: the
direction of a gravitational force.
The second example involves string theory excitation. It was found that
some specific kind of singularity is obtained by string theory excitations of
a D1D5 black hole [10]. We found [3] that these singularities can also be
explained using the uncertainty principle, as long as the variables in the
uncertainty principle are obtained in a unique way: they must be canonical
conjugate pairs which are obtained by singling out the radial direction. The
radial direction can be regarded as the direction of a gravitational force for
observers that are stationary with respect to this coordinate system. Thus,
these singularities, which according to string theory are expected in quantum
gravity theories, are derived by the uncertainty principle only when singling
out the gravitational force direction.
The third example involves “holographic quantization” which uses spatial
foliation in order to quantize the gravitational fields for different backgrounds
in Einstein theory. This is carried out by singling out one of the spatial
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directions in a flat background [4] , and also singling out the radial direction
for a Schwarzschild metric [5]. Moreover, other works [6] even suggest that
the holographic quantization causes the (3+1)D Einstein gravity to become
effectively reduced to (2+1)D after solving the Lagrangian analogues of the
Hamiltonian and momentum constraints.
The fourth and final example involves the Wheeler-De Witt metric prob-
ability wave equation. Recently, in [7], foliation in the radial direction was
used to obtain the Wheeler-De Witt equation on the apparent horizon hyper-
surface of the Schwarzschild de Sitter black hole. By solving this equation,
the authors found that a quantized Schwarzschild de Sitter black hole has a
nonzero value for the mass in its ground state. This property of quantum
black holes leads to stable black hole remnants.
Whereas our current approach relies on these examples, which relate
gravitational foliation to different aspects of quantum gravity, it also strongly
relies on the fact that it is possible to quantize a (2+1)D gravitational theory.
Though a (2 + 1)D gravitational theory is believed to be a toy model for
quantum gravity, we suggest that a (3 + 1)D theory may be regarded as
a continuation along the gravitational force field direction of a quantized
(2 + 1)D gravitational theory. Given the fact that a renormalized (2 + 1)D
quantum gravity theory can be obtained, this construction leads to a (3+1)D
quantum gravity originated from a renormalized theory. Whether or not this
construction leads to an effectively renormalized gravitational theory on the
(3 + 1)D remains to be seen. However, we argue that even if this way of
construction does not lead to a renormalized quantum gravitational field
theory in the (3 + 1)D but leads to the correct Einstein field equations, this
construction can be considered as a proof that our inability to renormalized
the (3 + 1)D theory is related directly to the acceleration relative to a given
coordinate system. We expand this subject in section 4.
Our suggestion leads to a (3 + 1)D gravitational theory which “evolves”
along the gravitational force direction, i.e. an evolution along a space like
directed vector field. This leads to the causality vagueness.
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2.3 The causality ambiguity and its solution
In our approach, it is necessary to single out the direction of the gravitational
force vector field instead of the direction of time like vector field. Since the di-
rection of any force field is space-like, and not time-like this suggestion leads
to a lack of clarity regarding the basic concepts of relativistic quantum field
theories: causality, probability, conservation, unitarity and more. In order to
overcome these anticipated difficulties, we investigated the outcome of such
foliation on relativistic free scalar fields. We found that, under some condi-
tions, one can derive a causally quantum theory using non-Cauchy foliation.
However, it seems that the main problem is contraction of the causal fields
brackets on the non Cauchy hypersurface, since the usual Poisson brackets
are not useful when using non-Cauchy foliation.
At this point it is not clear how to obtain such "Poisson-like" brackets
using the conventional mathematical definition, and we need to derive them
in some other way. Therefore we propose to derive the quantum commutation
relations between the fields on the unique non-Cauchy hypersurface and then
use these to obtain the classical brackets.
Though in general this restriction seems problematic, from the quantum
gravity point of view it turns out to be promising. The main reason is that
in some cases [11] we do know how to quantize a (2 + 1)D gravitational
theory. Thus for a given metric background in a (3 + 1)D gravitational
theory, we can look for unique hypersurfaces that appear effectively as (2 +
1)D from the point of view of the Einstein equations. If we manage to
do so, we can construct a renormalized quantum gravity on this unique
(2+1)D hypersurface and obtain the commutation relations of the quantum
gravitational fields on the hypersurface. In this way, we can easily deduce
the causal classical brackets of the fields without using the Poisson brackets.
Thus, as was found in the scalar case [8], one can derive the Hamilton-
like equations along the hypersurface direction and use these classical causal
brackets in order to obtain the causal quantum gravitational theory in (3 +
1)D. We expand this subject in section 4.
This construction of quantum gravity in (3+1)D relies on known (2+1)D
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renormalized gravitational theory on a unique hypersurface. In the next
subsection, we define the unique hypersurface that truncates the Einstein
equations and find the condition for it to generate an effectively (2 + 1)D
Einstein equations.
2.4 Truncation of Einstein equations: the condition for ef-
fectively (2+1)D Einstein equations on the hypersurface
In the first subsection we found that the gravitational foliation gives a kind
of (2 + 1)D Einstein equations:
R
(3)
ab −KKab+2KaiKib+N−1 (LrKab −DaDbN) = 8pi
(
Sab − 1
2
(S + P ) hab
)
,
and the two constraints:
R(3) −K2 +KabKab = −16piP,
DaK −DbKba = 8piFa.
Thus if we able to find a unique hypersurface r = r0 so that:
Bab ≡ KKab − 2KaiKib −N−1 (LrKab −DaDbN) = 0 (5)
then we have:
R
(3)
ab = 8pi
(
Sab − 1
2
(S + P ) hab
)
, (6)
which is almost the Einstein equations in 2+1 dimension, when P serves as a
cosmological constant. However, note that the Einstein equations in (2+1)D
are R
(3)
ab = 8pi (Sab − Shab) and thus we have only obtained an “Einstein-like
equation.” Only if S = P do we get exactly the expected Einstein equation
in (2 + 1)D . Thus, for example, we do not expect the conservation of the
energy momentum Sab to hold on this hypersurface. Moreover, one has to
consider the fact that in (2+1)D and (3+1)D gravitational constant and even
the energy-momentum tensor have different units.
This unique hypersurface is interesting. Although we do not know how to
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obtain a renormalized quantum gravity theory in 3+1 dimensions, a renor-
malized quantum theory in 2+1 dimensions can nevertheless be obtained [11].
Thus, when the (3+1)D Einstein equations reduce to (2+1)D Einstein-like
equations on some hypersurface r = r0, we can quantize the gravitational
fields on the hypersurface r = r0 at least with respect to this foliation. In the
next section we find this kind of unique hypersurface for different stationary
spherical metrics.
3 Spherical symmetry examples
In this section we deal with different examples of truncation hypersurfaces.
All of them assume stationary spherically symmetric metrics.
3.1 First example: extremal black hole
We start with an interesting and known example: the extremal black hole.
In this case
ds2 = −
(
1− M
r
)2
dt2 +
(
1− M
r
)−2
dr2 + r2dΩ2.
The 4-velocity and 4-acceleration vector fields for a stationary observer in
this metric are
ua = (
(
1− M
r
)−1
, 0, 0, 0)
aa = (0,
M
r2
(1− M
r
), 0, 0),
The direction of acceleration is
na = (0, (1 − M
r
), 0, 0).
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The induced metric becomes
hab =

(
1− Mr
)2
0 0 0
0 0 0 0
0 0 r2
0 0 0 r2sin2θ

and the extrinsic curvature
Kab =

−M(r−M)2r4 × 0 0
× × × ×
0 × (r −M)
0 × 0 (r −M) sin2θ
 .
The Lie derivative along ra of the extrinsic curvature is
LrKab =

2M
2
r5
(
1− Mr
)2 (
1− 2Mr
) × 0 0
× × × ×
0 × Mr2
(
1− Mr
)
0 × 0 Mr2
(
1− Mr
)
sin2θ

and since N =
(
1− Mr
)−1
and Wa = 0 we obtain
D0D0N =
M2
r4
(
1− Mr
)
D2D2N =
M
r
D3D3N =
M
r sin
2θ.
Finally, we have everything we need in order to calculate the truncation
tensor Bab defined in eq. (5). It turns out that all its components vanish
on the horizon: r = M , and thus we conclude that the term in Einstein
equations that depends on the extrinsic curvature vanishes on the horizon:
r = M and eq. (5) holds. 1This means that from the point of view of
Einstein equations, the hypersurface denoted by r = M does not "feel" the
1Moreover, the term −K2 + KabK
ab from the first constraint (3) vanishes on the
horizon: r = M as well.
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radial direction and effectively the Einstein equations can be described as
leaving on (2 + 1)D.
Thus, it turns out that the Einstein equations on the horizon r = M
become a kind of (2 + 1)D Einstein equations
R
(3)
ab = 8pi
(
Sab − 1
2
(S + P ) hab
)
. (7)
Note that since the energy momentum tensor in this case is:T 00 = T
1
1 =
−T 22 = −T 33 = −M
2
r4 , and the relevant energy momentum tensor and mo-
mentum P on the hyper-surface r = M is
Sab =
 −M
−2 0 0
0 M−2 0
0 0 M−2
 , P = −M−2.
Thus we find that the hypersurface r = M of an (3 + 1)D extremal black
hole can be regarded as a (2 + 1)D gravitational theory. The renormalized
quantum gravity theory which can be derived in this hypersurface can serve
as the surface term “initial" condition for the field equations of the expected
renormalized quantum gravity theory in the(3 + 1)D.
3.2 Second example: toy model.
It turns out the extremal black hole is not that unique. One can find more
examples of gravitational foliation that lead to an effectively (2 + 1)D theory
from the point of view of the Einstein equations. For example we consider
the metric
ds2 = −
(
1− A
2
r2
+
B3
r3
)
dt2 +
(
1− A
2
r2
+
B3
r3
)−1
dr2 + r2dΩ2
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In this case the 4-velocity and 4-acceleration vector fields for a stationary
observer in this metric are
ua =
((
1− A
2
r2
+
B3
r3
)−1/2
, 0, 0, 0
)
.
aa =
(
0,
2Ar − 3B2
2r4
, 0, 0
)
,
Note that all the components to the accelerating vector field vanish on r =
3B2/2A.
Foliating spacetime along the direction of the acceleration vector field,
gives the induced metric
hab =

(
1− A2r2 + B
3
r3
)
0 0 0
0 0 0 0
0 0 r2 0
0 0 0 r2sin2θ

and the extrinsic curvature of hypersurfaces directed along the acceleration
vector field is
Kab =
√
(3B2 − 2Ar)2(B2 −Ar + r3)

−12r−11/2 × 0 0
× × × ×
0 × r−3 0
0 × 0 r−3sin2θ
 .
The Lie derivative along ra of the extrinsic curvature vanishes everywhere
except the following components:
LrK00 =
√
(3B2−2Ar)2
r5(B2−Ar+r3)
−33B4−24B2r(−2A+r2)+4Ar2(−4A+3r2)
8r8
LrK22 =
√
(3B2−2Ar)2
r5(B2−Ar+r3)
(B2−2r3)
4r3
LrK33 =
√
(3B2−2Ar)2
r5(B2−Ar+r3)
(B2−2r3)
4r3
sin2θ
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and since N =
(
1− A2r2 + B
3
r3
)−1/2
we obtain
D0D0N =
(3B2−2Ar)2
2r7
√
B2−Ar+r3
D2D2N =
3B2−2Ar
2r2
√
B2−Ar+r3
D3D3N =
3B2−2Ar
2r2
√
B2−Ar+r3 sin
2θ
Finally, we have everything we need in order to calculate the truncation
tensor Bab defined in eq (5). As one might expect, eq. (5) holds when
the component of the acceleration vector field vanishes, as in the extremal
black hole case. Since aa =
(
0, 2Ar−3B
2
2r4
, 0, 0
)
we find that the acceleration
vector field vanishes on r = 3B
2
2A . Note that since for general A and B the
term f(r)
r= 3B
2
2A
=
(
1− 4A3
27B4
)
does not vanish on r = 3B
2
2A , the hypersurface
denoted by r = 3B
2
2A is not a horizon.
It is interesting to note that in this example the energy momentum tensor
Sab and momentum P on the hyper-surface r =
3B2
2A are
Sab =
 −
16A5
243B8
0 0
0 16A
5
81B8
0
0 0 16A
5
81B8
 , P = − 16A5
243B8
. (8)
and thus it does not represent an AdS universe, as in the first example.
3.3 Third example: general stationary spherical metric
We can now investigate the conditions that are required in order that a
hypersurface on (3 + 1)D spherical stationary universe can be regarded as
a (2 + 1)D gravitational theory. In order to do so, we consider a general
stationary spherically symmetric metric
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2.
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In this case the 4-velocity and 4-acceleration vector fields for a stationary
observer are
ua =
(
f−1/2(r), 0, 0, 0
)
,
aa =
(
0,
1
2
f ′, 0, 0
)
.
and so N = f−1/2(r) , Wa = 0 and the direction of the acceleration is always
radial. Thus foliating spacetime along the direction of the acceleration vector
field gives the induced metric
hab =

f(r) 0 0 0
0 0 0 0
0 0 r2 0
0 0 0 r2sin2θ

and the extrinsic curvature of hypersurfaces directed along the acceleration
vector field is
Kab =
√
f(r)

−12f ′ × 0 0
× × × ×
0 × r 0
0 × 0 rsin2θ
 .
The Lie derivative along ra of the extrinsic curvature vanishes everywhere
except the following components:
LrK00 = −18 f
′√
f
(
f ′2 + 2ff ′′
)
LrK22 = 14 f
′√
f
(rf ′ + 2f)
LrK33 = 14 f
′√
f
(rf ′ + 2f) sin2θ
and since N = f−1/2(r) we get
D0D0N =
1
4
f ′2√
f
D2D2N = −12 rf
′√
f
D3D3N = −12 rf
′√
f
sin2θ
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Thus the truncation tensor gives
Bab = f
′

1
8f
′2 + 14f
′′f − 1rf × 0 0
× × × ×
0 × r − 12f − 14rf ′ 0
0 × 0 (r − 12f − 14rf ′) sin2θ
 .
As we see, the conditions of equation (5) hold on a hypersurface r = r0 if
f ′ (r0) = 0 or if
(
1
8f
′2 + 14f
′′f − 1rf
)
r=r0
=
(
r − 12f − 14rf ′
)
r=r0
= 0. Note
that when the condition f ′ (r0) = 0 holds, then the acceleration vector field
aa =
(
0, 12f
′, 0, 0
)
vanishes on r = r0 and we see that the hypersurface does
not have to be a horizon.
The term K2 −KabKab from the first constraint (3) equals to
K2 −KabKab = 2
r2
(
f + rf ′
)
.
As expected from the second example, this term does not vanish when equa-
tion (5) holds. It does vanish if f ′ (r0) = f(r0) = 0, i.e. when the hypersur-
face is a horizon and the acceleration vanishes on the hypersurface.
It is interesting to note that just as in eq. (8), in this example the energy
momentum tensor Sab and momentum P on the hyper-surface r = r0 are
Sab =

1
r2 (f + rf
′ − 1) 0 0
0 1rf
′ + 12f
′′ 0
0 0 1rf
′ + 12f
′′
 , P = 1
r2
(
f + rf ′ − 1) .
and thus it does not represent an AdS universe, as in the first example.
4 Further work
In this paper, we proved that under some conditions there exists a unique
hypersurface that causes the Einstein equations to look like (2 + 1)D . But
in order to construct a renormalized quantum gravity this is not sufficient.
To begin with, it is necessary to derive a Hamilton-like ADM equation
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for the evolution along the direction of the gravitational force. Except the
constraint, this is expected to look like
LrΠab = −
{
H˜, hab
}
, Lrhab =
{
H˜,Πab
}
(9)
where
L = N
√
−h
(
(3)R+KijK
ij −K2
)
Πab : =
∂L
∂Lrhab =
√
−h
(
Khab −Kab
)
H˜ =ΠabLrhab − L
=
√
−h
[
N
(
−(3)R+ h−1ΠijΠ ij − 1
2
h−1Π2
)
− 2WiDj
(
h−1/2Πij
)]
Note that the brackets (9) are not trivial, and must be identified correctly.
This happens because when using spatially directed foliation, instead of the
usual time like foliation, one can no longer use the Poisson brackets. Thus it
is necessary to derive a kind of "Poisson-like” brackets between the classical
fields. In that case we would be able to obtain the relations
{hij , hab}r=r0 , {hij ,Πab}r=r0 , {Πij ,Πab}r=r0 .
Our construction is helpful in order to derive the first one:{hij , hab}r=r0 .
These brackets are known whenever one constructs a quantum gravity theory
on the unique (2 + 1)D hypersurface. Thus the next step upon quantizing
(2 + 1)D should be a derivation of the quantum gravitational theory on the
unique hypersurfaces specified above. In order to do that note first that
in (2 + 1)D and (3 + 1)D both the gravitational constant and the energy-
momentum tensor have different units.
In order to derive the second {hij ,Πab}r=r0 and the third {Πij,Πab}r=r0a
different approach should be taken. For example, one may consider the use
of Peierls bracket [12] which is a more covariant structure equivalent to the
Poisson bracket but which can be built directly from advanced and retarded
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Green’s functions for the linearized equations of motion.
5 Summary and discussion
In this paper, we used gravitational foliation in order to find a few station-
ary spherical symmetric examples of hypersurfaces that truncate the Einstein
equations. We began with a derivation of the Einstein equation in the ADM
formalism when foliating along the gravitational force direction. In order
to find this direction we considered the direction of the acceleration vector
field of stationary observers relative to the given coordinate system. Then
we derived the conditions for hypersurfaces that appear effectively (2 + 1)D
from the point of view of the Einstein equations. Finally, we found these
hypersurfaces in different stationary spherical metrics. We found that the
conditions in this case are fulfilled whenever all the components of the ac-
celeration vector field vanish on the hypersurface.
Now further work is necessary. The next step should be to construct
a renormalized quantum gravity on this unique (2 + 1)D hypersurface and
to obtain the commutation relations of the quantum gravitational fields on
the hypersurface. In this way, we could easily deduce the causal classical
brackets of the fields on this unique (2 + 1)D hypersurface, without using
the classical Poisson brackets.
The advantage of constructing a gravitational theory using the unique
hyperspace is obvious. The unique hyperspace enables derivation of quantum
gravitational fields which are already renormalized on the hypersurface. i. e.
to obtain {hij , hab}r=r0 .Whether the evolution of these specific fields "out
from the hypersurface" along the gravitational force direction keeps their
feature of "being renormalizable" remains to be seen. But the fact that the
structure is based on a renormalized quantum gravity looks promising and
may lead the way to construct a (3 + 1)D renormalized quantum theory.
Note that this procedure may be related to a kind of holography. In our
suggested formalism, the evolution of the gravitational fields along the accel-
eration direction is determined by {hij , hab}r=r0 , {hij ,Πab}r=r0 , {Πij,Πab}r=r0
which plays the role of the "initial" or surface condition on the non-Cauchy
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hyper-surface r = r0. This construction gives all the information which en-
coded on the hyper-surface and is needed to describe the evolution of the
gravitational field along the acceleration direction. However, whether this
construction gives all the information in the balk is remain to be seen.
Moreover, this construction leads to a very interesting result since it
relates the non-renormalizabilty of the quantum gravitational theory to ac-
celeration in curved spacetime. To see this, note that our conditions on the
hypersurface are fulfilled whenever all the components of the acceleration
vector field of stationary observers vanish. Moreover, these conditions cause
our hypersurface to look effectively (2+1)D from the point of view of the Ein-
stein equation. This means that if we find, for a given metric, a coordinate
system that leads to the vanishing of the acceleration components for all the
hypersurfaces directed along the acceleration vector field of stationary ob-
servers, construction of a renormalized (3+1)D gravitational theory could be
obtained. This happens because in this case, all hypersurfaces look effectively
like (2+1)D from the point of view of the Einstein equations. Since acceler-
ated observers must use the (3 + 1)D Einstein equations, this re-normalized
quantization cannot be applied for accelerated observers. This may suggest
that acceleration in curved spacetime and the non-renormalizabilty of the
quantum gravitational theory are connected.
Not surprisingly, foliation along a vanishing acceleration vector field is
impossible. To see this note that if indeed all the components of the accel-
eration vector field vanish everywhere, we deal with freely falling observers.
In this case, the direction of the acceleration cannot be defined and our sug-
gested foliation cannot be done. However, this makes us wonder whether we
may expect that freely falling observers in a (3+1)D can only use a (2+1)D
coordinate system in order to describe the universe. This case is very inter-
esting because this suggests that at least freely falling observers may be able
to obtain a renormalized quantum gravitational theory by choosing the right
coordinate system. This idea is supported by [2, 9] which relates the ex-
tra gravitational degrees of freedom seen by stationary observers to their
acceleration in generalized theories of gravity. Moreover, it was found that
these extra gravitational degrees of freedom vanish whenever the observers
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move on a geodesic. This reinforces our motivation to investigate the pos-
sibility that freely falling observers “see” less DoF and thus can renormalize
the gravitational theory. This suggestion needs further investigation. First:
Are our findings relating the vanishing of the acceleration components on
the hypersurface to effectively (2+ 1)D Einstein equations relevant even for
non-spherically symmetric systems? What is the physical meaning of a sys-
tem of coordinates that is relevant only for freely falling observers? Even
if a (2 + 1)D system of coordinates that is relevant only for freely falling
observers exists, how do we extend it for accelerated observers which must
use (3 + 1)D?
Appendix: The “spatial ADM” formalism and deriva-
tion of Einstein equations for spacial foliation
When foliating along a space like vector field, instead of a time like vector
field, the Einstein field equations in the ADM formalism slightly change. In
this appendix we recalculate the Einstein equations in the ADM formalism
using a space like vector field, instead of time like vector field.
We begin by considering the standard foliation of spacetime with respect
to some spacelike hypersurfaces whose directions are na. The lapse function
N and shift vector Wa satisfy ra = Nna +Wa where r
a∇ar = 1 and r is
constant on Σr(Thus na = N∇ar). The Σr hyper-surfaces metric hab is given
by gab = hab + nanb. The extrinsic curvature tensor of the hyper-surfaces is
given by Kab = −12Lnhab where Ln is the Lie derivative along na. 2
We use this foliation and rewrite the(3 + 1)D Einstein equations
(4)Rab = 8pi
(
Tab − 1
2
Tgab
)
. (10)
in terms of the induced metric. The starting point of the calculation (see for
example see [13]) is the Gauss relation which we derive here for non-Cauchy
2The intrinsic curvature R
(3)
ab
is then given by the 2+1 Christoffel symbols: Γkab =
1
2
h
kl
(
∂hlb
∂xa
+ ∂hal
∂hb
−
∂hab
∂xl
)
so that R
(3)
ab
=
∂Γk
ab
∂xk
−
∂Γk
ak
∂xb
+ ΓkabΓ
l
kl − Γ
l
alΓ
k
lb .
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foliation from the Ricci identity on the Σr hyper-surfaces:
DaDbv
c −DbDavc = (3)Rcmabvm (11)
where vm is a generic vector field tangent to Σr. Relating the D-derivative to
the ∇-derivative and using ∇mhab = ∇m(gab−nanb) = −∇mnanb−na∇mnb,
hnb nn = 0 and h
m
a h
n
b∇mnn = −Kab one gets:
DaDbv
c = hma h
n
b h
c
i∇m
(
hsnh
i
l∇svl
)
= hma h
n
b h
c
i (−ns∇mnnhil∇svl − hsn∇mni nl∇svl︸ ︷︷ ︸
=−vi∇snl
+ hsnh
i
l∇m∇svl)
= −hma hnb hclns∇mnn∇svl + hma hsbhcivl∇mni∇snl + hma hsbhcl∇m∇svl
= Kabh
c
ln
s∇svl +KcaKblvl + hma hsbhcl∇m∇svl
.
Next, using the symmetry of the extrinsic curvature, one gets for eq. (11) :
DaDbv
c −DbDavc = (KcaKbl −KcbKal) vl + hma hsbhcl
(
∇m∇svl −∇s∇mvl
)
(12)
Using ∇m∇svl −∇s∇mvl = (4)Rlimsvi , eq. (11) :and eq. (12) we find:
(KcaKbk −KcbKak) vk + hma hsbhcl (4)Rlkmsvk =(3) Rckabvk
and thus the Gauss relation for non-Cauchy foliation is
hma h
s
bh
c
lh
h
k
(4)Rlhms =
(3) Rckab −KcaKbk +KcbKak.
Note that this term is different from the Gauss relation for Cauchy foliation.
Using a non-Cauchy foliation leads to different signs for the two last terms.
If we contract the Gauss relation on the indices c and a and use hmah
a
l =
hml = gml − nmnl, we get:
hsah
h
b
(4)Rhs − nlhsahhb(4)Rhlsmnm =(3) Rab −KKab +KiaKib. (13)
The next step is to derive nlhsahhb
(4)Rhlsmn
m with is the Ricci identity
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applied to the vector na, and projecting it twice onto Σr and once along n
a:
hamn
ihnb (∇n∇inm −∇i∇nnm) = hamnihnb (4)Rmjninj (14)
In order to calculate this term we work out ∇anb:
Kab = −1
2
Lnhab =
= −1
2
(
ni∇ihab + hib∇ani + hai∇bni
)
=
= −1
2
(
ni∇i (gab − nanb) + (gib − ninb)∇ani + (gai − nani)∇bni
)
=
= −1
2
(∇anb +∇bna − nani∇inb − nbni∇ina)
Using na = N∇ar we find that ni∇ina = −DalnN 3we find
Kab == −1
2
(∇anb +∇bna + naDblnN + nbDalnN)
Thus ∇[anb] = −Kab − n[aDb]lnN
Returning to eq. (14)we get
hamn
ihnbR
(4)m
jni n
j = hamn
ihnb (∇n∇inm −∇i∇nnm)
= hamn
ihnb [∇n(−Kmi − niDmlnN)−∇i(−Kmn − nnDmlnN)]
= hamn
ihnb [−∇nKmi −∇nniDmlnN − ni∇nDmlnN
+∇iKmn −∇innDmlnN − nn∇iDmlnN ]
= hamh
n
b [K
m
i ∇nni −∇nDmlnN + ni∇iKmn −DnlnN ·DmlnN − nnni∇iDmlnN ]
= Kia∇bni −DbDalnN + hamhnb ni∇iKmn −DblnM ·DalnN
= −KaiKib −N−1DbDaN + hamhnb ni∇iKmn
.
Note we have used Kai n
i = 0, ni∇ani = 0, nini = 1, ni∇ina = −DalnN
and hiani = 0 to get the third equality. Let us now show that the term
3
n
i
∇ina = n
i
∇i (N∇ar) = n
i
∇iN∇ar+Nn
i
∇i∇ar == N
−1
nan
i
∇iN+Nn
i
∇a∇ir =
N
−1
nan
i
∇iN +Nn
i
∇a(N
−1
ni) =N − 1(nan
i
∇iN −∇aN) = −hai∇
i
lnN = −DalnN
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hamh
n
b n
i∇iKmn is related to LrKab. Indeed
LrKab = ri∇iKab +Kib∇ari +Kai∇bri.
Using ra = Nna +Wa and ∇[anb] = −Kab − n[aDb]lnN we get
LrKab = Nni∇iKab − 2NKibKia −KibnaDiN −KainbDiN.
Projecting onΣr by applying h
mnon both side and using LrKab = hnahmb LrKnmwe
get
LrKab = Nhnahmb ni∇iKnm − 2NKibKia.
Thus
hamn
ihnb
(4)Rmjnin
j = N−1LrKab −N−1DbDaN +KaiKib (15)
The left hand side of (15) is a term which appears in the contracted Gauss
equation (13) . Therefore, by combining the two equations, we get:
hsah
h
b
(4)Rhs = N − 1LrKab −N−1DbDaN + (3)Rab −KKab + 2KiaKib (16)
Note that this term is different from the one we get using Cauchy foliation.
Using non-Cauchy foliation leads to different sign for the first, and the last
two last terms of the left hand side terms.
Finally, contracting the (3+1)D Einstein equation (10) with the induced
metric we get for the non-Cauchy surface foliation :
R
(3)
ab −KKab+2KaiKib+N−1 (LrKab −DaDbN) = 8pi
(
Sab − 1
2
(S − P ) hab
)
,
(17)
Where Da represent the 2+1 covariant derivatives, Sab = hachadT
cd , P =
ncndT
cd and Fa = hacnbT
cb.
Next we find the constraint relevant for the non-Cauchy surface foliation.
The first is obtained by projection of the Einstein equation along na, i.e.
the normal to the hypersurface Σr . Contracting eq. (13) with h
ab and using
hab(4)Rab =
(
gab − nanb) (4)Rab = (4)R−(4)Rabnanb and habnlhsahhb(4)Rhlsmnm =
23
nlhsh
(4)Rhlsmn
m = nl(4)Rlmn
m − nlnhns(4)Rhlsmnm = nl(4)Rlmnm we get
(4)R− 2(4)Rabnanb =(3) R−K2 +KijKij .
Using T = gabT
ab = habT
ab + nanbT
ab = S + P we find (4)R = −8pi(S +
P ) (4)Rabn
anb = 8pi
(
P − 12T
)
= 4pi (P − S) and thus we obtain the first
constraint:
(3)R−K2 +KijKij = −16piP.
Finally, in order to derive the second constraint we need to derive the relevant
Codazzi relation by applying the Ricci identity to na:
∇m∇snk −∇s∇mnk = (4)Rkimsni.
Projecting this onto Σr, we get
hma h
s
bh
c
k
(4)Rkimsn
i = hma h
s
bh
c
k
(
∇m∇snk −∇s∇mnk
)
.
Since hsbh
c
k∇snk = −Kcb , hab = gab − nanb and hsbnmnk(4)Rkimsni = 0 we get
after contracting the indices a and c
hsb
(4)Risn
i = −DiKib +DbK.
Finally, using Einstein equation once onto Σr and once along the normal n
a
we find:
DaK −DiKia = 8piFa. (18)
To conclude:
Where as foliating spacetime using time-like vector field ua leads to
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R˜
(3)
ab +K˜K˜ab−2K˜aiK˜ib+N−1
(
LtK˜ab + D˜aD˜bN
)
= 8pi
(
S˜ab − 1
2
(
S˜ − E
)
γab
)
,
(19)
(3)R˜+ K˜2 − K˜ijK˜ij = 16piE.
D˜iK˜
i
a − D˜aK˜ = 8pipa. (20)
where the lapse function N and shift vector Ua satisfy ta = Nua + Ua ,
ta∇at = 1 and t is constant on Σ˜tand the hyper-surface metric γab is given
by gab = γab−uaub. In this case the extrinsic curvature tensor of the hyper-
surfaces is given by K˜ab = −12Luγab and D˜a represent the 3 spatial covariant
derivatives, S˜ab = γacγadT
cd , E = ucudT
cd and pa = −γacubT cb.
Foliating along a spacelike vector fields leads to somewhat different equa-
tions:
R
(3)
ab −KKab+2KaiKib+N−1 (LrKab −DaDbN) = 8pi
(
Sab − 1
2
(S − P ) hab
)
,
(21)
(3)R−K2 +KijKij = −16piP.
DaK −DiKia = 8pifa. (22)
where Da represent the 2+1 covariant derivatives, Sab = hachadT
cd , P =
ncndT
cd and fa = −hacnbT cb.
References
[1] M. Hadad, “Non-Cauchy surface foliations and their expected connec-
tion to quantum gravity theories,” J. Phys. Conf. Ser.1275, no. 1, 012046
(2019) [arXiv:1903.02234 [hep-th]].
25
[2] M. Hadad, “The spacetime DoF surface density as canonically conjugate
variables driven by acceleration”, Physics Letters B 782 (2018) 566–569
[3] M. Hadad and L. Rosenblum, “The two canonical conjugate pairs at the
horizon of a D1D5 black hole”, Phys. Rev. D 92, no. 12, 124025 (2015)
[4] I. Y. Park, “Hypersurface foliation approach to renormalization of ADM
formulation of gravity”, arXiv:1404.5066
[5] I. Y. Park, “Holographic quantization of gravity in a black hole back-
ground”,J. Math. Phys. 57, 022305 (2016)
[6] I. Y. Park, “Hypersurface foliation approach to renormalization of ADM
formulation of gravity,” Eur. Phys. J. C 75, no. 9, 459 (2015)
[7] H. Ghaffarnejad, “Schwarzschild-de Sitter black hole in canonical quan-
tization,” arXiv:1805.01283 [gr-qc]
[8] M. Hadad and L. Rosenblum, “Derivation of Hamilton-like equations on
a non-Cauchy hypersurface and their expected connection to quantum
gravity theories,” arXiv:1905.10665 [hep-th].
[9] T. Padmanabhan,”Surface density of spacetime degrees of freedom from
equipartition law in theories of gravity”, Physical Review D 81, 124040
(2010)
[10] S. Giusto, O. Lunin, S. D. Mathur and D. Turton,“D1-D5-P microstates
at the cap” JHEP 1302, 050 (2013) [arXiv:1211.0306 [hep-th]]
[11] S. Carlip, “Lectures on (2+1) dimensional gravity,” J. Korean Phys. Soc.
28, S447 (1995)
[12] R. E. Peierls, The Commutation laws of relativistic field theory, Proc.
Roy. Soc. Lond. A214 (1952) 143–157
[13] E. Gourgoulhon, “3+1 formalism and bases of numerical relativity,”
gr-qc/0703035.
26
